Let r k (n) denote the number of representations of n as the sum of k squares. We give elementary proofs of relations between r k (n) and r k (m) where n = 4 λ m and 4 m, when k = 5, 7, 9 and 11. These relations, which were first stated without proof by Stieltjes, are of the form r k (n) = Cr k (m) where C depends on λ and on the residue of m modulo 8. They have recently been included by S. Cooper in a more complete description of the relations between r k (n) and r k (n ) where n is the squarefree part of n, when k = 5, 7, 9 and 11.
Introduction
Let r k (n) denote the number of representations of n as the sum of k squares. Due to the work of Ramanujan and many others, r k (n) is well understood for k even, but is less well so for k odd. In two recent papers [1] , [2] , S. Cooper has given the relationship between r k (n) and r k (n ) where n is the square-free part of n for k = 5 and k = 7 and for k = 9 when n ≡ 5 (mod 8) and for k = 11 when n ≡ 7 (mod 8). In so doing, he needs the relations between r k (n) and r k (m) where n = 4 λ m and 4 m. The object of this note is to give elementary proofs of these relations, which were apparently first stated, without proof, by Stieltjes in the 1880's. They are as follows.
If n = 4 λ m where 4 m then
and r 11 (n) = 512 λ+1 − 1 511 r 11 (m) if m ≡ 7 (mod 8).
Following Cooper, we define φ s,t for s, t ≥ 0 by
and we define T by
We shall require only
Formulae relating to five squares
Proof: We have
from which it follows that
Thus, with respect to the basis {φ 5,0 , φ 1,4 } the matrix of T is
The result follows.
Theorem.
It follows that
Corollary. Proof: We have
In particular
The other results follow in the same way.
Formulae relating to seven squares
Lemma. With respect to the basis {φ 7,0 , φ 3,4 },
Corollary.
r 7 (4 λ (4n + 1)) = 40 × 32 λ − 9 31 r 7 (4n + 1),
r 7 (4 λ (8n + 7)) = 35 × 32 λ+1 + 27 1147 r 7 (8n + 7).
We omit proofs of these results and those for nine and eleven squares since they are essentially the same as those for five squares. 
r 9 (4 λ (8n + 5)) = 128 λ+1 − 1 127 r 9 (8n + 5).
Formulae relating to eleven squares
Lemma. With respect to the basis {φ 11,0 , φ 7,4 , φ 3,8 }, Corollary.
r 11 (4 λ (8n + 7)) = 512 λ+1 − 1 511 r 11 (8n + 7).
